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TORIC G-FANO THREEFOLDS
ARMAN SARIKYAN
Abstract. We classify toric Fano threefolds having at worst ter-
minal singularities such that a rank of a G-invariant part of a class
group equals one, where G is a group acting on the variety by
automorphisms.
1. Introduction.
A normal projective algebraic variety is called Fano variety if some
positive multiple of its anticanonical Weil divisor is ample Cartier di-
visor.
Let X be a Fano variety having at worst terminal singularities, G a
subgroup of Aut(X). We say X is a G-Fano variety if a rank of the
G-invariant part of the class group equals one. Such varieties are im-
portant in studying of finite subgroups of Cremona group (see [Pro12]).
Partial results on classification of G-Fano varieties were obtained by in
[Pro13a], [Pro13b], [Pro15].
A toric variety over an algebraically closed field k is an algebraic
variety X containing a torus T ≃ (k∗)n as a dense Zariski open subset
such that an action of T on itself extends to an algebraic action on X.
Every toric variety can be described in terms of convex geometry. For
details on the toric geometry see e.g. [CLS11].
All toric Fano threefolds having at worst terminal singularities were
classified by A. Kasprzyk in [Kas06b]. The classification is given purely
in terms of convex polytopes associated with varieties. There is a data-
base of all toric Fano threefolds having at worst terminal singularities
[BK].
Toric G-Fano threefolds appeared in different previous works. For
instance, in [Pro13a, (7.5.1)] Yu. Prokhorov introduced such variety:
V2,2 ⊂ P5 an intersection of two quadrics in P5 given by equations
(3.5.6). Some of them are well known, for example P1 × P1 × P1 or
(P1 × P1 × P1)/σ, where σ is an involution acting on P1 × P1 × P1
diagonally and faithfully on each factor. One variety from our list will
be given purely in terms of fan (3.5.4). In the following table the first
column is a number of the variety in [BK].
Theorem 1.1. Let X be a toric Fano threefold having at worst terminal
singularities, G subgroup of Aut(X), such that rkCl(X)G = 1. Then
there are following possibilities:
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№ rkPic(X) rkCl(X) (−KX)3 g X
1 1 1 64/5 5 P3/C5
2 1 1 4913/210 11 P(2, 3, 5, 7)
3 1 1 6859/420 7 P(3, 4, 5, 7)
4 1 1 64 33 P3
5 1 1 2197/60 18 P(1, 3, 4, 5)
6 1 1 1331/30 22 P(1, 2, 3, 5)
7 1 1 125/2 32 P(1, 1, 1, 2)
8 1 1 343/6 29 P(1, 1, 2, 3)
32 1 2 54 28 Q ⊂ P4
92 1 3 81/2 21 (3.5.4)
297 1 5 32 17 V2,2 ⊂ P5
47 3 3 24 11 (P1 × P1 × P1)/σ
62 3 3 48 25 P1 × P1 × P1
where g := dim | − KX | − 1 is the genus of Fano variety X, C5 is a
cyclic group of order 5 acting on P3 with weights (1, 2, 3, 4) and Q is a
quadratic cone in P4 with zero-dimensional vertex.
Corollary. Let X a be toric G-Fano threefold. Then rkPic(X) = 1
or 3. If rkPic(X) = 3 then X ≃ P1 × P1 × P1 or (P1 × P1 × P1)/σ.
Acknowledgments. I am grateful to Yu. Prokhorov for introducing
me to this topic and for invaluable advices. I am also grateful to
C. Shramov for useful conversations. This work was supported by the
Foundation for the Advancement of Theoretical Physics and Mathe-
matics “BASIS”.
2. Preliminaries.
2.1. Notation. Everywhere below we use the following notation:
T is a torus;
Pic(X) is a Picard group of an algebraic variety X;
Cl(X) is a class group of X;
N is a lattice of one-parameter subgroups of a torus;
M is a character lattice of a torus, at that M = Hom(N,Z);
NQ := N ⊗Q;
MQ :=M ⊗Q;
Σ is a fan in NQ;
XΣ is a toric variety associated with Σ;
O is the origin of NQ;
P is a lattice convex polytope in N ;
v(P ) is a number of vertices of P ;
Int(P ) is a set of the interior N -valued points of P ;
DivT (XΣ)Q := DivT (XΣ)⊗Q;
Cl(XΣ)Q := Cl(XΣ)⊗Q;
Aut(XΣ) is a group of automorphisms of X.
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2.2. Divisors on the Toric Varieties. Denote by Σ(n) a set of n-
dimensional cones of Σ. Every one dimensional cone (ray) ρ ∈ Σ(1) is
associated with a T -invariant Weil divisor Dρ. Moreover, every Weil
divisor onXΣ is linearly equivalent to some T -invariant divisor. Denote
by DivT (XΣ) a group of T -invariant Weil divisors on XΣ. Thus,
DivT (XΣ) =
⊕
ρ∈Σ(1)
ZDρ.
Theorem 2.3 ([CLS11, Theorem 4.1.3]). For any projective toric va-
riety XΣ there exists an exact sequence
0 −−−→ M −−−→ DivT (XΣ) −−−→ Cl(XΣ) −−−→ 0.
2.4. Toric Fano Varieties.
Definition 2.5. A convex lattice polytope P ⊂ NQ is a Fano polytope
if O ∈ Int(P ) and the vertices of P are all primitive elements of N .
Definition 2.6 ([Kas06a, Definition 3.7.2]). Let P be a Fano poly-
tope.
(1) If the vertices of any facet of P form a Z-basis of N , we call P
a regular (or smooth) Fano polytope;
(2) If every facet of P is an (n − 1)-simplex, we call P simplicial
(or Q-factorial) Fano polytope;
(3) If the dual polytope P ∗ ⊂ MQ is also a lattice polytope, then
P is called a reflexive (or Gorenstein) Fano polytope;
(4) If the only lattice points on or in P consist of the vertices and
the origin we call P a terminal Fano polytope;
(5) If the only interior lattice point of P is the origin, we say that
P is canonical Fano polytope.
There is a correspondence between isomorphism classes of Fano va-
rieties and isomorphism classes of Fano polytopes [Kas06a].
Theorem 2.7 (Pick’s theorem). Let V ⊂ Z2 be a lattice polygon. Then
A(V ) = i+
b
2
− 1,
where A(V ) is an area of V , i is a number of interior lattice points and
b is a number of lattice points on a boundary of V .
Lemma 2.8. Up to the action of GL(2,Z) there are exactly two convex
polygons V ⊂ Z2 having the vertices in the lattice points Z2 such that
(V ∪ Int(V )) ∩ Z2 = V.
These are triangle and a lattice convex quadrangle.
Proof. Without loss of generality we can assume (0, 0), (1, 0), (0, 1) are
the vertices of V . Suppose V is not a triangle. Then the point (1, 1)
must be a vertex of V , otherwise due to convexity it would be an
interior point of V . Thus we obtain V is a square. 
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Corollary 2.9. If P is a 3-dimensional terminal Fano polytope then
P can have only triangle or quadrangle facets.
Lemma 2.10 ([Bat81, Lemma 1]). If P is a 3-dimensional terminal
Fano polytope then v(P ) ≤ 14.
Note that terminal Fano polytopes with 14 vertices do exist.
We will use a well known classification of Archimedean solids (the
convex solids composed of regular polygons meeting in identical ver-
tices).
Proposition 2.11. Let n = 6, 8 or 12. Then there are exactly two
Archimedean solids with n vertices: a truncated tetrahedron and a
cuboctahedron. Both of them have 12 vertices.
Theorem 2.12 ([GS84]). Let P be a convex 3-dimensional polytope,
G is a group acting transitive on the vertices of P . Then P is combi-
natorially equivalent to either a Platonic solid, an Archimedean solid,
a prism or an antiprism.
Finite subgroups in GL(3,Z) were classified in [Tah71]. As a conse-
quence of this classification we have following.
Proposition 2.13. Let n be an integer number such that 5 ≤ n ≤ 14
and let G be a finite subgroup in GL(3,Z). Assume that n divides |G|.
Then n = 6, 8 or 12.
Theorem 2.14 ([BB92], [Kas06b]). Let X be a toric Fano threefold
having at worst terminal singularities with rkCl(X) = 1. Then X is
either P3, the quotient of P3 by the action of cyclic group of order 5
with weights (1, 2, 3, 4) or a weighted projective space P(w0, . . . , w3) with
weights
(1, 1, 1, 2), (1, 1, 2, 3), (1, 2, 3, 5), (1, 3, 4, 5), (2, 3, 5, 7), (3, 4, 5, 7).
3. Toric G-Fano Threefolds.
Let P be a 3-dimensional terminal Fano polytope and N ∼= Z3 (hence
M ∼= Z3), XΣ is an associated with Σ (and respectively with P ) toric
Fano threefold having at worst terminal singularities andG is the group
acting on XΣ by automorphisms.
Proposition 3.1. Without loss of generality we can consider that the
action of G respects a toric structure.
Proof. Let M be a set of maximal tori in Aut0(XΣ), where Aut
0(XΣ)
is a connected identity component of Aut(XΣ). The group Aut
0(XΣ)
acts onM by conjugation and this action is transitive since Aut0(XΣ) is
connected (see e.g. [Bor91, Corollary 11.3]). Therefore, we can replace
G with another group G′ such that T is fixed by G′ and images of
G′ and G in Aut(XΣ)/Aut
0(XΣ) coincide. Indeed, for each element
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g ∈ G exists an element h ∈ Aut0(XΣ) such that ghT (gh)−1 = T .
Then denote by G′ a group generated by all elements gh. Since the
action of Aut0(XΣ) on Cl(XΣ) is trivial, we are done. 
Moreover, we can consider G/T instead of G, since T respects
DivT (XΣ). We will still denote it by G.
Consider the exact sequence from the Theorem 2.3. It yields the
exact sequence of representations of the group G:
0 −−−→ M ⊗Q −−−→ DivT (XΣ)⊗Q −−−→ Cl(XΣ)⊗Q −−−→ 0.
Taking the G-invariant gives us an isomorphism
DivT (XΣ)
G
Q/M
G
Q
∼= Cl(XΣ)GQ.
3.2. Now we are ready to prove Theorem 1.1. We prove this theo-
rem by considering polytopes that correspond to Fano thereefolds. We
distinguish four cases.
3.3. Case: dimDivT (XΣ)
G
Q = 4, dimM
G
Q = 3. In this case the group G
has three invariant 1-dimensional subspaces inMQ, hence it acts trivial
on DivT (XΣ)Q. Consequently there are exactly four rays in Σ. One can
easily see that in this case rkCl(XΣ) = 1, so we are done by Theorem
2.14. These varieties are G-Fano for an arbitrary G.
3.4. Case: dimDivT (XΣ)
G
Q = 3, dimM
G
Q = 2. In this case the group
G has two invariant 1-dimensional subspaces in MQ, so G acts by re-
flection with respect to a plane generated by invariant 1-dimensional
subspaces. The conditions dimDivT (XΣ)
G
Q = 3 and dimM
G
Q = 2 yields
an inequality v(P ) ≤ 6 and P is symmetric with respect to the plane
pi generated by two invariant vectors. Consider the following subcases.
3.4.1. Subcase: there are no vertices of P on pi. Then v(P ) is
even. If v(P ) = 4 then we do not get the new polytopes because it is
the case when rkCl(XΣ) = 1. Let v(P ) = 6. Then P is a cylinder with
the triangle bases symmetric with respect to pi. By using the database
[BK] we conclude that there is only one terminal Fano cylinder with
triangle bases (№92). But this cylinder does not admit a group action
satisfying our conditions.
3.4.2. Subcase: there is one vertex of P on pi. Obviously
v(P ) = 5, so P is a pyramid. Its top lies on pi and its base is a
convex quadrangle symmetric with respect to pi. There are three ter-
minal Fano pyramids with a convex quadrangle base by [BK]. But they
do not admit the group action satisfying our conditions, since they are
not symmetric with respect to the plane pi.
3.4.3. Subcase: there are two vertices of P on pi. Then every
vertex on pi gives us the orbit. So we have only one additional orbit of
order two. Thus v(P ) = 4 and we are in the case when rkCl(XΣ) = 1
again.
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The plane pi cannot contain more than two vertices, otherwise
dimMGQ will be greater then 3.
3.5. Case: dimDivT (XΣ)
G
Q = 2, dimM
G
Q = 1. In this case the group G
has only one invariant 1-dimensional subspace in MQ and vertices of P
contained in two parallel planes, which are orthogonal to an invariant
1-dimensional subspace. Let F1, F2 be the facets formed by the vertices
on every plane. Then v(Fi) ≤ 4 by Corollary 2.9. Skipping the cases
when P is terminal Fano tetrahedron, i.e. when rkCl(XΣ) = 1, we
have following possibilities:
3.5.1. Subcase: F1 is a point, F2 is a quadrangle. There are only
three pyramids as we noticed in 3.4.2. The pyramid with the vertices
(1, 0, 0), (0, 1, 0), (1, 1, 1), (−1,−1, 0), (0, 0,−1)
determines the toric Fano threefold with the degree 54 and the genus
28 (№32 in [BK]). It determines a quadratic cone Q in P4. The group
G ≃ C4 can be generated by
1 0 −11 0 0
1 −1 0

 .
The other two pyramids do not admit the group action satisfying our
conditions.
3.5.2. Subcase: F1 is a segment, F2 is a quadrangle. Such poly-
tope exists. It is a cylinder with the triangle bases from 3.4.1. But there
is no group G whose action satisfying our conditions.
3.5.3. Subcase: F1 and F2 are the triangles. Then P is ter-
minal Fano triangle prism or terminal Fano 3-antiprism. Let P be
3-antiprism, which is the same as octahedron. Then G should be iso-
morphic to C3. There are only two non-conjugate subgroups of order
3 in GL(3,Z) ([Tah71, Proposition 3]):
W1 =
〈
1 0 00 0 −1
0 1 −1


〉
,W2 =
〈
0 1 00 0 1
1 0 0


〉
.
But only the group W2 yields terminal Fano 3-antiprisms. More pre-
cisely, it gives us the terminal Fano 3-antiprisms with the vertices
±(1, 0, 0),±(0, 1, 0),±(0, 0, 1)
which determines P1 × P1 × P1 (№62 in [BK]) and the terminal Fano
3-antiprism with the vertices in
±(1, 1, 0),±(1, 0, 1),±(0, 1, 1)
which determines (P1 × P1 × P1)/σ, where σ is an involution that
acts diagonally and faithfully on each factor (№47 in [BK]). Indeed,
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note that F1 and F2 should be contained in planes of the form
x+ y + z = n,
where n ∈ {−2,−1, 1, 2}.
Let n = 1. We are looking for a lattice equilateral triangle on the
plane x + y + z = 1 without interior lattice points, which center is in
(1
3
, 1
3
, 1
3
) and which mapped to itself by W2. Note that vertices of such
triangle are of the form (a, b, c), (b, c, a), (c, a, b), where a, b, c ∈ Z. Its
area is equal to √
3
4
(
(b− a)2 + (c− b)2 + (a− c)2) =
√
3
4
(6a2 + 6b2 + 6ab− 6a− 6b+ 2).
On the other hand, we know an example of such triangle. Its ver-
tices are (1, 0, 0), (0, 1, 0), (0, 0, 1) and the area is
√
3
2
. Consider a
2-dimensional lattice with an origin in (1, 0, 0) and generated by the
latter triangle. We see that the lattice area of the lattice triangle with-
out interior points must be 1
2
by Pick’s Theorem 2.7. Thus,
√
3
4
(6a2 + 6b2 + 6ab− 6a− 6b+ 2) =
√
3
2
.
This equation has three solutions: (0, 0), (1, 0), (0, 1) which defines a
unique triangle with the vertices in (1, 0, 0), (0, 1, 0), (0, 0, 1). Other
cases could be considered similarly. Then we form terminal Fano 3-
antiprisms by found triangles.
Let P be now terminal Fano triangle prism. Note that such polytope
appeared in 3.4.1 but now it has the desired group action. The vertices
of P are
(3.5.4) (−1,−1, 0), (1, 0, 0), (1, 1, 1), (−2,−1,−1), (0, 0,−1), (0, 1, 0).
This polytope determines the toric Fano threefold of degree 81/2 and
genus 21 (№92 in [BK]). The group G ≃ C3 can be generated by
−1 0 2−1 0 1
0 −1 1

 .
3.5.5. Subcase: F1 and F2 are quadrangles. Then P is terminal
Fano quadrangle prism or terminal Fano 4-antiprism. But there are no
Fano terminal 4-antiprism by [BK]. Let P be terminal Fano quadrangle
prism. By [BK] such prism exists and it is unique and
±(1, 0, 0),±(0, 0, 1),±(1, 1, 1),±(0, 1, 0)
are its vertices. It determines the toric Fano threefold with the degree
32 and the genus 17 (№297 in [BK]). It is isomorphic to X2,2 ⊂ P5,
an intersection of two quadrics in P5 having 6 isolated singular points.
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This variety in some coordinate system can be given by equations (see
[Pro13a, (7.5.1)]):
(3.5.6) x20 − x21 = x22 − x23 = x24 − x25.
The group G ≃ C4 can be generated by
 0 −1 10 0 1
−1 0 1

 .
3.6. Case: dimDivT (XΣ)
G
Q = 1, dimM
G
Q = 0. In this case we classify
polytopes P with groups G acting on P transitive on its vertices.
We have v(P ) ≤ 14 by Lemma 2.10. But this value may be limited
below by 5 because we have already considered the case when v(P ) = 4.
Since G ⊂ GL(3,Z) and G is finite then v(P ) = 6, 8, 12 by Proposition
2.13. Corollary 2.9 and Theorem 2.12 yields following possibilities.
3.6.1. Subcase: P combinatorially is the Platonic solid.
3.6.2. Subcase: v(P ) = 6. Then P combinatorially is an octahedron.
Anyway G has cyclic subgroup of order 3 with the action which was
described in 3.5.3, so we have nothing new here.
3.6.3. Subcase: v(P ) = 8. Then P combinatorially is a cube. Such
polytope exists, it is unique and was considered in 3.5.5.
3.6.4. Subcase: v(P ) = 12. Then P combinatorially is an icosahedron.
But if terminal Fano icosahedron existed, then it would have a lattice
pentagon without interior points as a plane section which is impossible
by Lemma 2.8.
3.6.5. Subcase: P combinatorially is the Archimedean solid.
There exist only two Archimedean solids having right number of ver-
tices: a truncated tetrahedron and a cuboctahedron by Proposition
2.11. The truncated tetrahedron cannot be terminal Fano polytope
because it has a polygon facet. There exists only one terminal Fano
cuboctahedron by [BK] but it is not vertex transitive.
3.6.6. Subcase: P is combinatorially the prism. By Corollary
2.9 it has triangles or quadrangles on bases. But we have already
considered them.
3.6.7. Subcase: P is combinatorially the antiprism. By Corol-
lary 2.9 it has triangles or quadrangles on bases again. We have al-
ready considered all terminal Fano 3-antiprisms. But terminal Fano
4-antiprisms do not exist.
Thus we considered all possibilities of the vertex transitive polytopes,
which completes the proof of Theorem 1.1.
TORIC G-FANO THREEFOLDS 9
References
[Bat81] V. V. Batyrev. Toric Fano threefolds. Izv. Akad. Nauk SSSR Ser. Mat.,
45(4):704–717, 927, 1981.
[BB92] A. A. Borisov and L. A. Borisov. Singular toric Fano varieties. Russ. Acad.
Sci., Sb., Math., 75(1):277–283, 1992.
[BK] Gavin Brown and Alexander Kasprzyk. Graded ring database.
http://www.grdb.co.uk.
[Bor91] Armand Borel. Linear algebraic groups, volume 126 of Graduate Texts in
Mathematics. Springer-Verlag, New York, second edition, 1991.
[CLS11] David A. Cox, John B. Little, and Henry K. Schenck. Toric varieties, vol-
ume 124. Providence, RI: American Mathematical Society (AMS), 2011.
[GS84] Branko Gru¨nbaum and Geoffrey C. Shephard. Polyhedra with transitivity
properties. C. R. Math. Acad. Sci., Soc. R. Can., 6:61–66, 1984.
[Kas06a] Alexander Kasprzyk. Toric Fano Varieties and Convex Polytopes. PhD
thesis, University of Bath, 2006.
[Kas06b] Alexander M. Kasprzyk. Toric Fano three-folds with terminal singulari-
ties. Tohoku Math. J. (2), 58(1):101–121, 2006.
[Pro12] Yu. Prokhorov. Simple finite subgroups of the Cremona group of rank 3.
J. Algebraic Geom., 21(3):563–600, 2012.
[Pro13a] Yuri Prokhorov. G-Fano threefolds, I. Adv. Geom., 13(3):389–418, 2013.
[Pro13b] Yuri Prokhorov. G-Fano threefolds, II. Adv. Geom., 13(3):419–434, 2013.
[Pro15] Yu. Prokhorov. On G-Fano threefolds. Izv. Math, 79(4):795–808, 2015.
[Tah71] Ken ichi Tahara. On the finite subgroups of GL(3, Z). Nagoya Math. J.,
41:169–209, 1971.
